In this paper, we deal with the fractional Laplacian equations
Introduction and main results
In this article we are concerned with the multiplicity of solutions for the following fractional Laplacian equations: The topic of fractional Laplacian operators (-) s and more generally non-local operators is a classical one in harmonic analysis and partial differential equations. These operators arise in a quite natural way in many different contexts, such as the thin obstacle problem, optimization, finance, materials science, continuum mechanics, etc. Recently, great attention has been focused on the study of them, both for the pure mathematical research and in view of concrete applications. 
problem (P) also enjoys a variational nature and its solutions can also be constructed as critical points of the associated Euler-Lagrange functional. A natural question is whether or not the classical topological and variational methods may be adapted to problem (P) and to its generalization in order to extend the classical results known for the classical elliptic problem (P ) to a non-local setting. A great attention has been focused on this topic. In all the works mentioned above, in order to apply Variational methods and Critical point theory, the nonlinearity f is assumed on the whole × R or R × R N and has to satisfy various global growth conditions. The purpose of this article is to prove that a new version of Clark's theorem (see [] ) is still valid for fractional Laplacian problem (P). Furthermore, in our article, the nonlinearity f just needs to satisfy some local normal growth conditions. More precisely we assume f satisfies the following sublinear conditions near the origin and not any condition at all near infinity.
(f  ) f is a Carathéodory function defined on × (-δ, δ) for some δ >  which can be chosen small; (f  ) there exists a positive constant q  ∈ (
Our main result is stated as follows.
Remark . In this article, the nonlinearity f just satisfies some sublinear growth condition near the origin, While without any assumptions near infinity. In order to prove our results via variational approach, inspired by the methods of [, ], first, we need to modify and extend f to an appropriatef and to show for the associated modified functional the existence of solutions. Second, in order to obtain solutions for the original problem (P), some L ∞ -estimates for the solutions of the modified problem are absolutely necessary.
However, as far as we have known there is few result about the L p -estimate for fractional
Laplacian problem as the class Laplacian problem. Similar bounds were obtained before only in some special cases, for a semilinear fractional Laplacian equation with reaction term independent of u, or for the eigenvalue problem of some fractional elliptic operators. Recently, in [], the authors provided a method to give a priori L ∞ bounds for the weak solutions of problems similar to (P). Inspired by this method, we are able to get a suitable estimate of L ∞ norm of the weak solutions (for more details please check Lemma . of our article). Finally, by the Sobolev embedding theorem and Lemma ., we can get infinity many solutions for the original problem (P).
Remark . The key step of our article is to get a suitable estimate of L ∞ norm of the weak solutions. In condition (f  ), the assumption q  >   * s will be applied to give a L ∞ -estimate for the weak solutions.
Throughout the article, the letter C will denote various positive constants whose values may change from line to line but are not essential to the analysis of the problem. We denote the usual norm of L q ( ) by | · | q for  ≤ q ≤ ∞. Moreover, let  < s <  be real numbers, and the fractional critical exponent be defined as  * s = N N-s . The paper is organized as follows. In Section , we introduce some preliminary notions and notations and set the functional framework of the our problem. In Section , we will prove our main result Theorem ..
Preliminary
In this preliminary section, for the reader's convenience, we collect some basic results that will be used in the forthcoming section.
First, we introduce a variational setting for problem (P). The Gagliardo seminorm is defined for a measurable function u :
The fractional Sobolev space is
endowed with the norm
In this paper, we will work in the closed linear subspace
which can be equivalently renormed by setting
. It is readily seen that (X( ), · ) is a Hilbert space with the inner product
A weak solution of problem (P) is a function u ∈ X( ) such that
Definition . Let E be a Banach space, we say that a functional ∈ C  (E, R) satisfies Palais-Smale condition at the level c ∈ R ((PS) c in short) if any sequence {u n } ⊂ E satisfying (u n ) → c, (u n ) →  as n → ∞, has a convergent subsequence. satisfies (PS) condition if satisfies (PS) c condition at any c ∈ R.
The following Sobolev type embedding theorem holds. 
Lemma . ([]) The embedding X( ) → L q ( ) is continuous for all q ∈ [, 

Proof of main result
In this section we will prove our main result, Theorem .. Since (f  )-(f  ) describe the behaviors of f just in × (-δ, δ), the functional F(x, u) dx is not well defined in X( ).
To overcome this difficulty, we need to modify and extend f to an appropriatef in the spirit of the arguments developed by [] . First of all, it follows from (f  ) and (f  ) that for small |t|
Let ρ ∈ C  (R, [, ]) be an even cut-off function verifying tρ (t) ≤  and
) is chosen such that (.) and (.) hold for |t| ≤ τ . Set
It is easy to see thatF is even in t andf is a Carathéodory function defined on × R. We then consider the following problem:
and its associated functional
By the definition ofF, one can see that˜ ∈ C  (X( ), R). It is also easy to see thatf (x, t) = f (x, t) for (x, t) ∈ × [-τ , τ ] and a critical point u of˜ is a solution of the original problem (P) if and only if |u| ∞ ≤ τ . In order to get our main result by Lemma .. First of all, we check that˜ is coercive, i.e.˜ (u) → ∞, as u → ∞, and˜ satisfies the (PS) condition.
Lemma . The functional˜ is bounded from below and satisfies (PS) condition.
Proof By (.) and the definition ofF, we havẽ
where C is a positive constant. Then Lemma . implies that
Therefore,˜ is coercive and bounded from blow. Next, we will prove that˜ satisfies (PS) condition. For any c ∈ R, let {u n } ⊂ X( ) be a (PS) c sequence, theñ
By (.), it follows that {u n } is bounded in X( ). By Lemma ., we can assume that, up to a subsequence, for some u ∈ X( ),
It follows from (.) and u n u in X( ) that
As q  , q  ∈ (,  * s ), by the Hölder inequality and (.), we have
and the functional˜ satisfies the (PS) c condition for any c ∈ R. Second, it is easy to see that˜ is even and˜ () = . Thus, in order to use Lemma . it suffices to find a subspace X k and ρ k >  for any k ∈ N such that
For any k ∈ N, we can choose k independent functions ϕ i ∈ X( ) for i = , . . . , k, and define
, and the definition ofF, we haveF(x, t) ≥ C|t| q  , t ∈ R for some C > . Then by the fact that all norms on X k are equivalent
for all u ∈ X k with u = ρ k for small enough ρ k > . That is to say, by choosing ρ k >  small enough we can get
Then all conditions of Lemma . are verified, we can get a sequence of critical points {u m } ⊆ X( ) for˜ with˜ (u m ) ≤  and u m → , as m → ∞.
Finally, in order to get the weak solutions of the original problem (P), we will prove that the above sequence of critical points {u m } for˜ enjoys the following property. 
Then all the conditions of Theorem . of [] hold. For a weak solution u ∈ X( ) of the above problem (P) with u + = , we choose ρ ≥ max{,
, and v is a weak solution of the auxiliary problem
and for all n ∈ N we have
Moreover, the following inclusion holds (up to a Lebesgue null set):
and R n ∈ [, ] is nonincreasing in n. We will prove that R n →  as n → ∞. By Hölder's inequality, the fractional Sobolev inequality (see Theorem . of []), (.), and the Chebyshev inequality we have, for all n ∈ N,
By testing (AP) with v n+ , and applying (.), we can see that
Combining (.) with (.), we have Therefore, from the above discussion we can see that the original problem (P) also enjoys a sequence of nontrivial solutions {u m } satisfying |u m | ∞ → , as m → ∞. Thus the proof of Theorem . is complete.
